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1. 序
完備距離空間における不動点定理の中で，一番有名でかつ有用なものは，も
ちろん， Banachの縮小原理 (theBanach contraction principle)である．
定理 1([1, 4]). Let (X, d) be a complete metric space and let T be a contraction 
on X, that is, there exists r E [O, 1) satisfying 
(1) d(Tx,Ty) :S rd(x,y) 
for al x, y EX. Then the following holds: 
(A) T has a unique fixed point z and {Tnx} converges to z for al x E X. 
実に多くの拡張定理が証明されてきている．次の定理はその 1つである．
定理 2([5, 8, 12]). Let (X, d) be a complete metric space and let T be a CJM 
contraction on X, that is, the following hold: 
(i) For any c > 0, there exists 8 > 0 such that d(x, y) < c + 8 implies 
d(Tx, Ty)さc.
(i) Xヂyimplies d(Tx, Ty) < d(x, y). 
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定理 3(Edelstein [6]). Let (X, d) be a compact metric space and let T be a 
mapping on X. Assume 
(2) x=/=y ⇒ d(Tx, Ty) < d(x, y) 








• [Bro 68] T is said to be a Browder contraction [3] if there exists a 
function <p from [O, oo) into itself satisfying the following: 
(a) <pis nondecreasing and right continuous. 
(b) c.p(t) < t for any t E (0, oo). 
(c) d(Tx, Ty) :; <po d(x, y) for al x, y EX. 
• [BW 69] Tis said to be a Boyd-Wong contraction [2] if there exists a 
function <p from [O, oo) into itself satisfying the following: 
(a) <pis upper semicontinuous from the right. 
(b) c.p(t) < t for any t E (0, oo). 
(c) d(Tx, Ty)さc.po d(x, y) for al x, y EX. 
• [MK 69] Tis said to be a Meir-Keeler contraction [13] if for any s > 0, 
there exists 5 > 0 such that d(x, y) < E + 5 implies d(Tx, Ty) < E:. 
• [Mat 75] Tis said to be a Matkowski contraction [1] if there exists a 
function <p from [O, oo) into itself satisfying the following: 
(a) <pis nondecreasing. 
(b) limn図(t)= 0 for any t E (0, oo). 
(c) d(Tx, Ty) :; c.p o d(x, y) for al x, y EX. 
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• [CJM 80, 定理2] T is said to be a CJM contraction [5, 8, 12] if the 
following hold: 
(a) For any E > 0,there exists 6 > 0 such that d(x, y) < E + 6 implies 
d(Tx, Ty)さE.
(b) Xヂyimplies d(Tx, Ty) < d(x, y). 
これらの縮小条件の強弱関係について，以下のことが知られている．各矢印
について，逆方向の矢印が成立しないことも分っている





















例 6(Example 8 in [15]). Let Ebe the Banach space consisting of al bounded 
functions x from N into股withsupremum norm, that is, we can write 
E = {x :=ど(n)en : lxl :=~ は~lx(n)I < oo }, 
nEN 
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where {en} is the canonical basis and L represents'formal sum'. Put a炉＝
21-m/n for m, n E N. Define a closed subset X of E by 
X = { at)en: m, n EN} U {O} 
and a mapping T on X by 
T(a~m) en) = a~m+l) en and T(O) = 0. 
Then (2) and (A) hold. However, Tis not a CJM contraction. Moreover T£is 
not a CJM contraction for any R E N. 
定理 7(Corollary 7 in [15]). Let (X, d) be a complete metric space and let T 
be a mapping on X satisfying (2). Then (A) and the following are equivalent: 
(B) For any x E X and s > 0, there exists 8 > 0 such that d(Tも，T位）＜









定理7(B)⇒ (A)の証明.Fix x E X and define a sequence { xn}~=O in X 
by Xn = Tnx for n EN U {O}. We first show that {xn} converges to a fixed 
point of T, dividing the following three cases: 
• There exists v E N satisfying Xv+l = Xv・
• Xn+1 =/ Xn for al n E N and there existμ, v E N such thatμ+ 2さ V
and咋＝叩・
● Xぃ互・ • ・are al different. 
In the first case, 叩 isa fixed point of T. Since叩=Xv+l = Xv+2 =・ ・ ・holds, 
{ xn} converges to Xv. In the second case, from (2), we have that { d(xぃXn+l)}
is strictly decreasing. So, since Xμ+l = Xv+l holds, we have 
d(xμ, 咋+1)= d(xv, Xv+1) <・ ・ ・< d(xμ, 咋+1)-
This is a contradiction. Thus, the second case cannot be possible. In the 
third case, as above, we have that { d(xn, Xn+i)} is strictly decreasing. So 
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{ d(xn, Xn+1)} converges to some釘 2:0. Arguing by contradiction, we assume 
釘>0. From (B), there existsふ>0 such that 
• d(ふ巧）＜釘＋ふ impliesd(xi+l巧 +1):S丘
From the definition ofど1,we can choose v EN satisfying d(xv, Xv+1) <釘＋ふ．
Then we have 
d(xv+2叫 +3)< d(xv+l, Xv+2) :'S釘，
which implies a contradiction. Therefore we obtain釘=0. So we obtain 
limn d(xn心n+1)= 0.Fix E2 > 0.Then from (B), there exists必>0 such that 
• d(xぃ巧）＜ど2+ 02implies d(xi+l, 巧+1):'S E2. 
Since limn d(xn心n+1)= 0 holds, we can choose入EN satisfying 
d(四， Xい） < 02 
for any£E N with£2: 入.Fix£EN with£2: 入.We will show 
(4) d(xe+1, Xe+j)さE2
for j E N by induction. It is obvious that (4) holds when j = 1. We assume 
that (4) holds for some j E N. Then we have 
d(xc, Xc+j)'.S d(叩，Xc+1)+ d(Xc+1, Xい） < 82 + f2
and hence d(xc+1, Xc+j+1)'.Sど2holds. So, by induction, (4) holds for every 
j E N. Thus, we obtain 
sup d(xn, Xm)'.S f2. 
m>n>入
Since c2 > 0 isarbitrary, we obtain 
lim sup d(xか Xm)= 0,
n→ 00m>n 
which implies that { Xn} is Cauchy. Since X is complete, { Xn} converges to 
some point z EX. From (2), we have 
lim d(Tz, Xn+1)さ limd(z, Xn) = 0.
n→ oo n→0 
So {xn} also converges to Tz. Hence Tz = z holds, thus, z isa fixed point 
of T. We have shown that {xn} converges to a fixed point in al cases. The 
uniqueness of the fixed point is followed by (2). ロ
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4. 問題5
(X,d)を距離空間とし， TをX上の写像とする.[O, oo)2の部分集合 Qを
以下で定める：







定義 8(Definitioin 3 in [16]). Let Q be a subset of [O, oo)乞
(1) Q is said to satisfy Condition C(O, 0, 0) if the following hold: 
(1-i) u < t for any (t, u) E Q with u > 0.
(1-i) There does not exist T > 0 and a sequence { (tn, 叫）} inQ satisfying 
T < tn'T < Un and lim山=limn叫 =T.
(2) Q is said to satisfy Condition C(O, 0, 1) if the following hold: 
(2-i) Q satisfies Condition C(O, 0, 0). 
(2-i) There does not exist T > 0 and a sequence { (tn, 叫）} inQ satisfying 
T < tn, 叫=T and lim山 =T.
(3) Q is said to satisfy Condition C(O, 0, 2) if the following hold: 
(3-i) Q satisfies Condition C(O, 0, 0). 
(3-i) There does not exist T > 0 and a sequence { (tn, 叫）} inQ satisfying 
T < tn, 叫 '.ST and limnわ=limn叫 =T.
(4) Q is said to satisfy Condition C(O, 1, 0) if the following hold: 
(4-i) Q satisfies Condition C(O, 0, 0). 
(4-i) There does not exist T > 0 and a sequence { (tか un)}in Q satisfying 
tn = T, 叫く Tand limn Un= T. 
(5) Q is said to satisfy Condition C(l, 0, 0) if the following hold: 
(5-i) Q satisfies Condition C(O, 0, 0). 
(5-i) There does not exist T > 0 and a sequence { (tn, 叫）} inQ satisfying 
tnく T,叫く Tand limn tn = limn叫 =T.
(6) Let (p,q,r) E {0,1}2 x {0,1,2}. Then Q is said to satisfy Condition 
C(p, q, r) if Q satisfies Conditions C(p, 0, 0), C(O, q, 0) and C(O, 0, r). 
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命題 9([16]). Let (X, d) be a metric space and let T be a mapping on X. 
Define a subset Q of [O, oo)2 by (5). Then the following hold: 
(i) Tis a CJM contraction if Q satisfies Condition C(O, 0, 0). 
(i) Tis a Meir-Keeler contraction if Q satisfies Condition C(O, 0, 1). 
(ii) Tis a Boyd-Wong contraction if Q satisfies Condition C(O, 1, 2). 
(iv) Tis a Matkowski contraction if Q satisfies Condition C(l, 1, 0). 
(v) Tis a Browder contraction if Q satisfies Condition C(l, 1, 2). 






C(l, 1, 2) → C(O, 1, 2) → C(O, 0, 1) → C(O, 0, 0) 
＼ /' 
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